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Efficient Simulation of Motions Involving Coulomb Friction
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A realistic treatment for numerical solution of equations of motion for systems involving coulomb friction
requires three sets of dynamic equations: one for sticking, one for slipping, and one for transition from sticking to
slipping. An alternative treatment of stick-slip motion is described, which involves only two sets of equations, one
for sticking and the other for transition and slipping. The new approach uses a single equation that continuously
relates frictional forces with normal forces for both the slipping and transition phases of motion. It turns out
that this equation is also capable of approximating sticking as slipping at infinitesimally small speeds, but it
is computationally more efficient to use two sets of equations. The new approach is computationally efficient and
is unified in the sense that when the equations of motion are cast into matrix form, the set of unknown variables
is preserved during the various phases of motion (sticking, slipping, and transition), with only the last few rows
of the aforementioned matrix having elements that change depending on the phase of motion. The equivalence of
this new approach to the classical treatment of coulomb friction is established by comparisons of numerical results
from several simulations, namely, the spin reversal of the rattleback, the effects of disturbances on a sleeping top,
and the motion of a uniform sphere on a rough horizontal surface. It is shown that the same equations of motion
describe the three systems for different choices of parameters.

I. Introduction

HENEVER a point P of a body B is in contact with a surface
A, there may exist a force F on P from A that may be
expressed as

F=N+F; (1

where N is the componentof F directednormal to the contactsurface
between A and B, and F ; is perpendicularto N and parallel to the
contact plane. The classical kinetic coulomb friction law states that
when P is slipping on A, then F; can be written as

AvP

F;=—uN
f M| ||Av”|

()
where i, is an empirical constant called the coefficient of kinetic
friction,|N|is the magnitude N, and #v* is the velocityof P in A. Al-
though other models for friction exist, for instance, the frictioncircle
concept,' Dahl friction,? and viscous friction,’ these models do not
consistently provide' the detailed information on high-frequency
chatter and the stick-slip nature of motion.

Computer simulations of motion with a classical treatment of
kinetic coulomb friction encounter numerical difficulties, e.g., divi-
sion by zero and numerical integration problems, whenever |4v?|,
the magnitude of the slipping velocity, approaches zero. One way
to overcome this numerical obstacle is to check |4v”|, and if it is
less than €;, a small positive number, then sticking is said to occur.
With a classical treatment of coulomb friction, if |4v?| <€, one
uses a second set of equations of motion because there are fewer
degrees of freedom associated with the sticking motion, and F is
no longer proportional to |N|. During sticking, one must calculate
the magnitude of F; necessary to maintain sticking and test to see
if |[F ;| exceeds j,|N|, where u, is an empirical constant called the
coefficient of static friction. If u,|N| is larger than |F |, slipping
motions ensue. However, at the resumption of slipping, [4v*| =0,
and Eq. (2), the coulomb kinetic friction law, fails to produce the
direction of friction. A realistic treatment of coulomb friction*~¢
employs a third set of equations of motion to transition between
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sticking and slipping until |*y” | is larger than €,, a number slightly
larger than €;. The transition friction law uses a frictional force,
whose magnitude is px|N| and whose direction is identical to the
direction of the static friction at the onset of slipping.
Unfortunately,the use of a classicaldescriptionof the three phases
of motion (sticking, slipping, and transition)*~® has shortcomings.
It requires the derivation of three distinct sets of dynamic equa-
tions, requires relatively sophisticated logic for switching between
the various phases of motion, requires good choices for €, and €,,
and renders the organization of the computer program rather cum-
bersome. The first objective of this paper is to show that during
all phases of motion, the dynamic equations can be written as the

partitioned matrix equation
w X|[U 0
Yy Z||F| |R
where U is a column matrix of time derivatives of motion variables
and F is a column matrix of contact (normal and friction) force
measurenumbers. Itis noteworthyto mention thatall of the elements
of W, X, and Q and some of the elements of Y, Z, and R are
independent of the phase of motion.
The second objectiveof this paperis to presenta frictional law that
successfully predicts the motion of objects that undergo both transi-
tion and slipping. This new friction law, called the continuous fric-

tion law, relates frictional forces to normal forces by two terms: the
firstcalled the slippingterm and the second called the transitionterm,

(3)

A,P €
F; = —pNl———— — i INlyp——— 4
f il ||Av”|+e,, i IN| OlAv”I-l—f,, 4)
—wiINl 4 p
:m( 4 +GUV0) (5)

where €, is a small positive number and v is a unit vector directed
opposite the static friction forces at the onset of slipping. (Both the
classical and new treatment of coulomb friction assume that the
direction of impending motion is opposite the direction of static
friction forces at the onset of slipping.) It will be shown that the
continuous friction law successfully predicts the motion of objects
that undergo both transitionand slipping and is even capable (albeit
inefficiently) of predicting sticking. The continuous friction law is
a modification of other commonly used friction laws e.g., Ref. 7,
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which use an €, to avoid the singularities in the coulomb kinetic
friction law. Each of the two terms in the continuous friction law,
Eq. (4), is shown graphically in Figs. 1 and 2, when ¢, = 0.04.
The effect of €, on simulation speed and accuracy has not been well
documented. Thus, one objectiveof this paperis to documentitsrole.

To demonstrate the validity of the new friction formulations, cer-
tain classical problems involving friction, namely, the spin reversal
of the rattleback, the effects of disturbances on a sleeping top, and
the motion of a uniform sphere on a rough horizontal surface, are
examined.

Finally, two methods for improving simulation speed are pre-
sented.

II. Comparison of Classical and New Treatment
of Coulomb Friction
By using the continuous friction law in conjunction with the uni-
fied friction formulation, much of the complexity of classical nu-
merical solutions of coulomb friction can be avoided. For example,
by using the continuous friction law to simulate both the transi-
tion and slipping phases of motion, the switching logic presentedin

STICKING
[vi< e,
|Fe < Hg|N| |Fd > us|n| Fig.4 New flow chart.
\J
SLIPPING

Ref. 6 can be substantially simplified. The differencesin the switch-
ing logic used by Kane and Levinson® with the new logic is shown
graphicallyin Figs. 3 and 4. The switching logic advocatedin Ref. 6
is summarized as follows.

1) Sticking friction: Solve for 7;, the magnitude of the normal
force, and 7, and 73, the measure numbers of the static friction force.
Calculate |F¢| = J(rzz + 732), the magnitude of the friction force.
If |[F ;| > p,7,, form the unit vector vy, which is directed opposite
the static friction force, and switch to transition friction.

2) Transition friction: Apply a friction force F ; = — i, 7 v,. Cal-
culate |v|, the magnitude of the velocity of the contact point, i.e.,
the slipping velocity. If |v| > €,, where €, is a somewhat arbitrary
positive number, switch to slipping friction.

3) Slipping friction: Apply a friction force F; = —p, v /Iv|. If
[v| < €1, where 0 < € < €, switch to sticking friction.

The new switching logic for the sticking phase is identical to that
presented in Ref. 6, but the rest of the logic is substantially simpler.

1) Sticking friction: Solve for 7y, 7,, and 73. Calculate |F /| =
J(rzz + 732). If |F¢| > pyt1, form vy and switch to the continuous
friction law.
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2) Continuous friction: Apply a friction force F y = —u, 7, [(v +
€,v0)/(Iv| + €,)1, where €, is a small positivenumber.If |v| > €, and
the integrationis on a boundary, set v, = 0, removing the transition
term of the continuous friction law. (By integration boundary, we
mean any place in the integration process where the integration is
self-starting and, thus, can handle discontinuities in forces and/or
motion.) If [v| <€, and |F ;| > u, 7, switch to sticking friction.

The new switching logic has several other improvements over the
logicinRef. 6.InRef. 6, switchingbetween various phases of motion
occur only at user-specified integration time steps. To desensitize
the simulation results from the user-specified integration step, it is
better to allow instead switching at all integration boundaries.

It is clear that using the continuous friction law substantially
reduces the complexity in the switching logic. The unified friction
formulation provides additional benefits. In Ref. 6, the simulation
requires the derivation of three distinct sets of dynamic equations
with the numberof variablesbeingintegratedchangingwith changes
in the phase of motion. The unified friction formulation eliminates
the need to change the number of variables being integrated and
requires only minor changes to the Y, Z, and R matrices in Eq. (3)

COS ¢, COSq3

where s; are the S; (i = 1, 2, 3) coordinates of a generic point P on
S, and a, b, and c are semidiameters of the ellipsoid. The mass of
B is M, and B, the mass center of B, lies on S, a distance & from
So. The nonzero central inertia scalars of B correspondingto lines
parallel to S|, S,, and S5 are Iy, I, I33, and I3, respectively. In
other words, S is a central principal axis of inertia, whereas S, and
S3 are not.

In formulating equations of motion, it is convenient to introduce
dextral sets of mutually perpendicular unit vectors b; and n; (i =
1,2, 3), fixed in B and N, respectively, with b; parallel to S; (i =
1,2, 3), and r; directed vertically upward and perpendicularto the
planar surface of N in contact with B. The orientationof B in N is
found by first aligning b; with n; (i = 1, 2, 3), and then subjecting
B to the body-fixed rotation sequence described in magnitude and
direction by q,b;, g,b,, and g;b;. The elements of the direction
cosine matrix C;; (i, j = 1, 2, 3) defined as

[I>

Cij=n;-b; (i,j=1,273) (7

which arise from this rotation sequence, are given by

—sing; cos ¢, sing,

C = | sing;cosq; +sing; sing; cosq; co0sq, cosqgs — sing; sing, sings —sing; cosq, 8)

sing; singz — sing, cOsq; cosq3 sing; cos g3 + sing, sing; cosq;

to switch between phases. One major advantage of the formulation
in Ref. 6 is that a minimal set of dynamic equationsare produced for
each phase of motion. Some of the inefficiencies found in the unified
friction formulation are removed by using the methods advocated
in Sec. VI.

III. Spin Reversal of the Rattleback

The rattleback, also called a celt or wobblestone,is a boat-shaped
object, which, when placed on a rough horizontal surface and ro-
tated about a vertical axis, sometimes stops rotating, begins to os-
cillate, then starts rotating in the reverse direction. This problem
has attracted the attention of many eminent dynamicists*~!! with
Hubbard and Garcia® providing both theoretical and experimental
results.It will be shown how the unified friction formulation[Eq. (3)]
and the continuousfriction law [Eq. (5)] may be applied to simulate
the spin reversal of a rattleback.

Although the equations of motion of the rattleback have been
presentedbefore, the authors believe that the derivation of the equa-
tions presentedis instructive,concise, and novelin its solution of the
contactsurface conditions. Figure 5 is a schematic representationof
arattleback B in contact with a rough horizontal surface N at point
B, of B. The surface S of B is an ellipsoid whose axes S;, S2, 3
intersect at point Sy on B. The locus of points on S is defined by the
equation

fGrsps) = (57 /@) + (5 /0°) + (3 /) —1=0 (©

I

T3

COSq| COS g,

The two parameters used in Ref. 10 to characterize the orientation
of B in N are the spin angle g, and the wobble angle §, defined as

8 Zarccos(n, - b,) = arccos(Cy;) 9)

Before proceeding with a dynamic analysis, we note that the
s; (i = 1,2, 3) coordinates of B, relative to S, can be found from
the fact thatthe normalto S is parallelton, and B, mustlie along the
surfaceof N.Because V f (s, 55, 53), the gradientto therattleback’s
curved surface, is parallel to the normal of S, one can write

V f(s1, 55, 83) =2, (10)

where A is a scalar quantity that will be determined presently. After
making use of Eq. (6) to calculate V f(sy, s,, 53), and substituting
into Eq. (10) and simplifying, one arrives at

(s1/a®)b, + (s:/6*)br + (53 /c*)bs = im, (11)

Dot multiplication of Eq. (11) with by, b5, and b5 produces

s = aZCU)» (12)
Sy, = bZClz)» (13)
§3 = C2C13)\, (14)

Fig. 5 Rattleback.
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Substituting Egs. (12-14) into Eq. (6) and solving for A produces

A=— ! (15)

\/(GCU)Z + (bC12)? + (cCy3)?

To describe the motion of B in N, the motion variablesu; (i =
1,2, 3) are defined as the by, b,, and b3 measure numbers of the
angular velocity of B in N as

Mlé(y"bl, Mzé(d'bz, M';é(y’b'; (16)
and the motion variables u; (i = 4,5, 6) are defined as the n, n,,
and n; measure numbers of the velocity of By in N as
Uy 298 ny, us 28 . p,, ugZvE .ny  (17)
With the definitions of u; (i = 1,2, 3) given in Eq. (16) and the
description of the orientationof B in N interms of ¢; (i =1, 2, 3),
the kinematic differential equation for ¢; may be written as

. (w1 cosgs —uysings)

q (18)
cOS ¢
g2 = (u; sings + u; cos q3) (19)
¢ = (—u, cosqs + u, sings) tanq, + us (20)

The relevant forces that act on B are a gravitational force, whose
line of action passes through By, given by

F% = —Mgn, 1

and a contact force acting at B,, the point of B in contact with N,
given by

Furthermore, when the body is sticking (rolling), two additional
constraintequations are required. These equations enforce the con-
dition that the tangential components of the velocity of B, are zero,
namely,

Vo oy = (5,Ca3 — 53C20)uy + [53C2 — (B + 51)Caslus
+[=5:Co + (h+ 5)Cplus +us =0 (26)
VP oy = (5,C33 — 535C3)uy + [53C31 — (B + 51)C33]us

+[—5C3 + (h +5))CxpJuz +ug =0 27

Of course, the equations of motion depend on whether the rat-
tleback is sticking (rolling), slipping, or undergoing transition from
sticking to slipping. One premise of this paper is to show that during
all phases of motion, the dynamic equations can be written as the
partitioned matrix equation

w X|[U 0
where, for the rattleback, W is a 6 X 6 mass matrix, X isa 6 x 3

matrix, ¥ is a 3 X 6 matrix, Z is a3 x 3 matrix, Q isa 6 X 1 column
matrix, and R is a 3 X 1 column matrix, and U and F are defined as

iy -
U=\ 1|, F=|1 (29)
U 73

The elements of the W, X, and Q matrices are independent of the
phase of motion and are generated by dot multiplication of Eq. (23)
with by, b,, and b3, and by dot multiplication of Eq. (24) with n,,
n,, and n;. The matrices W, X, and Q may be written

F% =1n, + n, + 133 (22) I, 0 0 0 0 0
Note that we have not assumed any particular relationship between 0 In I» 0 0 0
the tangential (frictional) components and normal component of W= 0 In Iz 0 0 O 30
the contact force. Also, note that there are six motion variables, “lo 0o o M 0 o0 (30)
uy,...,us whereas there are only five degrees of freedom when 0 0 0 0 M o
B is slipping on N and only three when B rolls on N. The extra
motion variable(s) will be used to get equations governing the value 6 0 0 0 0 M
53C1n — 5:C13 8§3C2 — $:.Cx3 53C3 — 52C33
=53C + (h+5)Ci3 =530 + (h+5)Cp —53C3 + (h +5)Cx;3
$C —(h+5)Cn 50y — (h+5)Cp  $C3 — (h+5)Cy
X = (3D
-1 0 0
0 -1 0
0 0 -1 i
of 71, thenormal componentof the contactforce, and during sticking Lyusus + I u% - Iz3u§ — Ls3usu,
(rolling), the values of 7, and 73, the tangential components of the —u,(Iyyus — Ingity — Iystz)
contact force. p I I
The Newton-Euler equations of motion of the rattleback are 0= wy(Iyuy = Doty = I3uiz) (32)
—Mg
pBOB”XFB”Z_I'a+wX_I'w (23) 0
F% 4+ F% = Ma™ (24) 0

where 1 is the central inertia dyadic of B, « is the angular acceler-
ation of B in N, and p2% is the position vector from B to B,.

To Egs. (23) and (24), one must append the constraint equation
thatenforcesthe conditionthat the normal componentof the velocity
of B, is always zero, i.e.,

Voo = (5,C13 — 535C0)uy + [s3C11 — (B + 5)Ci3]us

+[—5C + (h+5)Cpplus +us =0 (25)

In general, the matrices Y, Z, and R appearingin Eq. (28) are de-
pendenton the phase of motion, i.e., sticking, slipping, or transition.
However, the first row of Y, Z, and R results from time differenti-
ation of Eq. (25), the normal contact condition, and is independent
of the phase of motion. The nonzero elements of the first row of Y,
Z,and R are

Y1 =5,Ci3 —53C)y (33)
Yy =53C) — (h +51)Cy3 (34)
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Y3 = —5,Cp + (h +5)Cz (35)
Yiu=1 (36)
Ry = [C11$2 + 52611 — Cra$y — (h + s1)é1alus
= (Ci382 + 52613 — Cia83 — s3C12)U
—[Cii$s +53¢1 — Cia$y — (B +51)¢13]un (37)

The last two rows of Eq. (28) depend on whether the rattlebackis
sticking,slipping,undergoingtransition,or subjectto the continuous
friction law. The next sections give the elements of Y, Z, and R for
each of the various phases of motion.

A. Sticking (Rolling) Friction

Referring to Eq. (28), the nonzero elements of the last two rows
of Y, Z, and R that result from time differentiationof Eqgs. (26) and
(27), the rolling (sticking) contact condition, are

Yy = 5Cp — 530 (38)

Yy =53C — (h +51)Cas (39)
Yo3 = =5,Cy1 + (h+51)Cx (40)
Ys =1 (41)

V3 = 5C5 — 5305 (42)

Y3 =53C3 — (h +51)Cs3 (43)
Y33 = —5,C31 4 (h +51)Cz (44)
Yie =1 (45)

Ry = [Cy1$y + 5265 — Cyp$y — (h + 51)Calus

— (C2381 + 52023 — C§3 — $3¢20) Uy

—[Ca183 + 53¢2 — Cp381 — (h + 51)Ca3]un (46)
Ry = [C318; + 52631 — C3p$y — (h + 51)Canlus

= (C338, + 5235 — Cyp83 — 36301

—[Cs183 + 53631 — Cx381 — (h + s1)¢33]un 47)

While the rattlebackis rolling, a concomitantcondition for 7, 2,
and 7; must be satisfied, namely,

VI +1 < (48)

B. Transition and Slipping Friction
Transitionfrom stickingto slippingoccursthe instant when the in-
equality condition in Eq. (48) is no longer satisfied. Denoting the

values of 7, and 73 at this instant as 7, and 73, respectively, the
direction of impending motion v, is classically assumed® to be
fznz + f3n3

V) = ——/——m— 49
’ [Ton; + T3m3] “9

and the continuous friction law, Eq. (5), leads to
B,
vor 4 €,vp
i, + s = _Mkflm (50)

Referring to Eq. (28), one sees that the nonzero elements of the last
two rows of ¥, Z, and R that result from Eq. (50) are

Zy = i s (5D
Z22 =1 (52)

vBr + e, vo) - ns
Zs3 = Mk( V] +6)u (53)

Thus, it has been shown that the three phases of motion (sticking,
transition, and slipping) can be handled in the format of Eq. (28),
changing only the contents of the second and third rows of the matri-
ces Y, Z,and R. The particular forms of Y, Z, and R depend on the
satisfaction of specific tests for sticking or transition and slipping.

C. Simulation Results: Rattleback

Numerical results based on both the unified friction formula-
tion and the continuous friction law were generated for the same
rattleback considered in Ref. 10, that is, a simulation was per-
formed with the constants g =9.81 m/s?, a=0.02 m, »=0.2 m,
¢=0.03 m, =001 m, M=1 kg, I,;=17 x 1073 kg-m?,
I =2.0 x 107 kg-m?, I;3=1.6 x 1073 kg-m?, and 1,3 =2.0 x
10~ kg-m? and the initial values ¢, =0 deg, ¢, =0.5 deg,
q3=—0.5 deg, u; =5 rad/s, up=u3;=0, uy =0.0007415 m/s,
us =—0.001956 m/s, and ug = 0.08693 m/s. The initial values for
U4, Us, and us correspond to an initial rolling condition. Numerical
integrationwas performedfor 5 s with a fourth-order, variable-step,
Kutta-Merson integrator with an integration step of 0.01 s, and an
absolute and relative error tolerance of 1.0 x 1077,

Figures 6 and 7 show time histories for the spin angle ¢, and
the wobble angle § when the surface between N and B has friction
coefficients of ux = p, =0.8, values that are sufficiently high to en-
sure continuous sticking (rolling). The solid lines result from using
the unified friction formulation in conjunction with the continuous
friction law and exactly match the results found in Ref. 10.

Remark: Effects of €, on simulation speed and accuracy. The
quantity €, that appears in Eq. (5) can have a profound effect
on simulation speed and accuracy if one does not use the unified
friction formulation.It has been well known that without the unified
friction formulation, small values of €, lead to stiff slow numerical
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Fig. 6 Time history of spin angle ¢; showing spin reversal.
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integration, whereas large values of €, yield inaccurate results. For
example, the dotted lines in Figs. 6 and 7 are the simulation re-
sults found by using solely Eq. (5), the continuous friction law, with
€, =5.0x107. These results demonstratethe claim that the contin-
uous friction law, which treats sticking as slipping at infinitesimally
small speeds, can approximate sticking (rolling). The continuous
friction law predicts the spin reversal of the rattleback more accu-
rately with €, = 1.0 x 107°; however, the simulation proceeds very
slowly. Because the continuous friction law approximates sticking
by slipping at infinitesimally small speeds, it is not surprising that it
takes significantly longer to simulate than the equations that exactly
describe the sticking condition. For example, to simulate the 5 s of
motion shown in Figs. 6 and 7, high-precisionnumerical integration
was performed with a fourth-order, Kutta-Merson, variable time-
step integrator with a maximum integration step of 0.01 s and error
tolerancesof 1.0 x 1077 on an AST Powerexec, 33 MHz computer.
To generate the data took only 5 min when using the unified friction
formulation (the exact rolling equations) but well over 6 h when
using the continuous friction law with €, = 1.0 x 1073 and only the
dynamical equations for slipping.

Table 1 Rattleback: effect of €, on simulation speed and accuracy

The role that €, plays in simulation accuracy and speed is sim-
ple. Smaller values of €, resultin more accurate, slower simulations
than larger values of €,. To quantify this statement, Table 1 shows
the value of ¢, at f =5 s, the number of function calls made by the
numerical integrator, and the time required to perform numerical
integration, for various values of €,. At the bottom of Table 1, a pre-
cise value of ¢;, obtained by integrating the exactrolling equations,
is shown.

IV. Dynamic Analysis of a Sleeping Top

The dynamic analysis of a symmetric top has received a tremen-
dous amount of attention, e.g., Refs. 6 and 12-20. Most analyses
make certain simplifying assumptions such as a contactplane thatis
perfectly smooth (no friction) or a rough contact plane that prevents
slipping from occurring. Few analyses included transitions from
slipping to rolling and vice versa because no closed-formanalytical
expressions for the general motion exist. In this section, it is shown
how the unified friction formulation [Eq. (3)] in conjunction with
the continuous friction law [Eq. (5)] may be applied to efficiently
simulate the motion of a sleeping top, see Fig. 8.

Because the equations of motion developed for the rattleback
also govern the motion of the symmetric top, only the initial values
forg; i=1,2,3)andu; (i =1, 2,...,5) and the constantsthat de-
scribe the geometry and mass distribution of the rattleback need
to be changed to simulate the top. To compare numerical results
with those availiable in the literature,’ the following values were
chosen: g =9.81 m/s?, u, =0.009, u;, =0.01,a=b=c=0.01 m,
h=-0.005 m, M=1 kg, I;; =5.0 x 107 kg-m?, I,,=7.0 x
10 kg-m?, 113 =7.0 x 107° kg-m?, I3 =0, q; = ¢, = g3 =0 deg,
uy =43.94 rad/s, u, =0.087 rad/s, us=us=us=0, and ug=

€ Spin angle, deg  Number of calls ~ Simulation time, min
1.0 x 1073 —8.47 287,491 16.8
1.0 x 107 —116.18 1,051,651 80.0
5.0 x 1073 —134.81 1,707,426 99.5
1.0 x 1073 —152.32 6,798,331 396.0
Rolling —157.57 90,491 43
12
) Exact
10+ ] Epdilon = 5.0E-5
7
g |
o ‘ }
2 6 |
<
2 l
2 b |
[ 4 | ',%'
! MLl
2 it “ J o
0 ;
0 1 2

Time (Seconds)

Fig.7 Time history of wobble angle d.
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nj
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Fig.8 Sleeping top.
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—6.45 x 10~* m/s. The initial values for u4, us, and ug correspondto
an initial sticking condition,namely, v® = 0. Numericalintegration
was performed for 2 s with a fourth-order, Kutta-Merson integrator
with an integration step of 0.01 s, with an absolute and relative error
tolerance of 1.0 x 1077, and with €, = 1.0 x 107>,

Figure 9 shows the time history of the inclination angle §. These
results agree with those presented in Ref. 6. The first curve in Fig. 9
shows that the sleeping top will turn over, if it is subjected to a
large perturbation, which in this example is assigning u#, an initial
value of 0.087 rad/s. The second curve shows that if the perturba-
tion is reduced by half (u, = 0.043 rad/s), the top does not turn over.
The third curve shows that if the perturbation is again reduced by
half, (u, =0.022 rad/s) the inclination angle is nearly halved. The
algorithm in Ref. 6 uses three sets of dynamic equations, one for
sticking (rolling), one for slipping, and one for transition. Because
of the three sets of dynamic equations, the algorithm in Ref. 6 re-
quires fairly complex logic for switching sets at various points in
the simulation. The algorithm used to generate Fig. 9 uses only two
sets of dynamic equations, one for sticking (rolling) and the other
for transition and slipping, and the switching logic is simple.

Remark: Effects of €, on simulation speed and accuracy. In
Sec. III.C, it was shown the value assigned to €, had a profound

Table 2 Sleeping top: effect of €, on simulation
speed and accuracy

effect on simulation speed and accuracy if one did not employ the
unified friction formulation. If instead, one chooses to employ the
unified friction formulationin conjunction with the continuousfric-
tion law [Eq. (5)], the effect of €, on simulation speed and accuracy
is minor. To quantify the last statement, Table 2 shows the value
of the inclination angle § at t =2 s, the number of function calls
made by the numerical integrator, and the time required to perform
numerical integration, for various values of €,. As is evident from
Table 2, smaller values of €, do not correspond to more function
calls (or slower simulation times) when one uses the unified friction
formulation to switch between the continuous friction law and the
sticking (rolling) equations. However, smaller values of €, do result
in more accurate simulation results.

V. Slip-Stick Motions of a Homogenous Sphere

Although there are no closed-formsolutions available for general
motions of the rattleback or sleeping top, there are closed-form so-
lutions available?!?? for the motion of a uniformsphere (see Fig. 10)
that transitions from slipping to rolling on a rough horizontal plane.
These closed-formsolutions can be used to assess the speed and ac-
curacy of the unified friction formulationand the continuousfriction
law.

By choosing appropriate geometric and mass distribution param-
eters, the same equations of motion developed for the rattleback
can be used to simulate the motion of a sphere on a rough hor-
izontal plane. The following values were chosen: g =9.81 m/s,

€ Inclination angle, deg Number of calls e =0.3, u;=0.33, GZ= b=c=10m, h=0, M=1 kg, I =
122=I';';=0.4kg—m 12';=O q1=q2=qg=0deg U, =
—1 33 b 3 ’ 3 ’
}8§ }84 }%gg; ggggé —7.0rad/s,us = 5.0m/s,u; = us = uy = ug = 0. Numerical inte-
1.0 % 10-5 114.67 25.936 gration was performed for 1.0 s with a fourth-order Kutta-Merson
1L0x10-7 114.59 25996 integrator with an integration step of 0.001 s and an absolute and
. relative error toleranceof 1.0 x 10~7. To minimize the effectof €, on
3 r
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Fig.9 Effects of disturbances on a sleeping top.

Fig. 10 Homogenous sphere.
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simulation speed and accuracy, the unified friction formulation was
used with two sets of dynamic equations: one for sticking (rolling)
and the continuous friction law for transition and slipping. The mo-
tion traced out on the plane by the contact pointis shown in Fig. 11.
The solid line shows the exact solution, whereas the various dotted
lines show the numerical solutions for various values of €,. As is
apparentin Fig. 11, the effect of €, on simulation accuracy is minor,
even when relatively large values of €, are used.

Remark: Effects of €, on simulation speed and accuracy. To see
the effect of €, on simulation accuracy and speed, consider Table 3,
which shows the percentage error in time to transition from slipping
to rolling, that is, the duration of time that slipping persists, and the
number of function calls made by the numerical integrator. As is
apparent in Table 3, an order of magnitude decrease in €, results
in approximately an order of increase in simulation accuracy. Be-
cause the unified friction formulation is employed, the number of
calls made by the integrator (and thus the simulation speed) is only
minimally affected by small values of €,.

VI. Improving Simulation Speed

The unified friction formulation, Eq. (3), provides a convenient
mechanism to simulate coulomb friction. However, with some mi-
nor algebraic manipulations, the number of linear equations being
solved at each time step can be reduced. For example, during transi-
tionand slipping,one may make a simple substitutionfor the friction
force that reduces the number of coupled linear equations from nine
to seven, effectively halving the number of operations required to
solve the linear system. (The number of operationsrequired to solve
a coupled set of linear equations varies with the number of equa-
tions cubed.) During sticking, one may use Kane’s method to split
the work of uncoupling the linear equations from one set of nine
equations to three sets of three equations.

A. Substituting for the Friction Force

Whenever slipping is occurring, the size of the set of linear equa-
tions can be reduced withoutloss of precision. This is accomplished
by solving the equation(s) that relate the friction force to the normal
force, eliminating the friction force measure numbers from the list
of unknowns, and reflecting this solution into the elements of the X
matrix. For example, for the rattleback, this process is carried out

Table 3 Sphere: effect of €, on simulation speed and accuracy
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by solving for 7, and 3 in terms of t;, eliminating 7, and 7; from
the list of unknowns, and modifying the elements of the X matrix
to

Xit = Xit — XinZy1 — Xi3Z5, .,6) (55)

After solving for #, ..., its, updated values for 7, and 73 are com-
puted as
T =—Zyt (56)
=—Zy7 (57)

This process reduces the number of unknowns (and linear equations
to be solved) from nine to seven.

B. Eliminating Constraint Forces During Sticking

Kane’s method provides an elegant mechanism? for removing
Lagrange multipliers, which are also called constraint forces, non-
contributing forces, and workless forces. The application of the
methodology to the unified friction law is new. The steps required
are presented in outline form next. Specific details for carrying out
some of the operations described can be found in Ref. 23.

1) Identify dependent and independent generalized speeds. For
systems with a few degrees of freedom, it is usually easy to form
setsof independentand dependentgeneralizedspeedsby inspection.
For example, for the rattleback, u,, u,, and u3 can serve as indepen-
dent generalized speeds, whereas u,, us, and ug serve as dependent
generalized speeds. A general method for selecting dependent and
independent generalized speeds is outlined in Ref. 24.

2) Solve for the time derivatives of the dependent generalized
speeds. The time derivatives of the dependent generalized speeds
must be expressed as linear combinations of time derivatives of the
independent generalized speeds. The equations that govern these
relationshipscanbe arrivedatin several ways. For example,one may
choose to differentiate the velocity-type constraint equations that
relate the generalized speeds, e.g., for the rattleback equations (33-
47), which resulted from differentiating Egs. (25-27). Alternately,
one may choose to directly form the acceleration-type constraint
equations. For the rattleback, this resultsin 4, it5, and it expressed
as linear combinations of u,, i, and u5.

3) Form the constrained dynamic equations from the uncon-
strained ones. Equations (4.4.3) and (4.11.4) of Ref. (23) provide
explicitinstructions for reducing a set of n unconstrained dynamic
equations of motion containing »n time derivatives of generalized

€ Error in duration of slipping, % Number of calls - .

- speeds and m Lagrange multipliers to a set of n — m constrained
10> 107 4.05 6001 dynamic equations of motion that are free of Lagrange multipliers.
LOx 1073 0.70 6806 Subsequent substitution for the time derivatives of the dependent
}8 X }874 88?? gggf generalized speeds results in a set of n — m equationsin n — m un-
10 i 10-5 0.0017 6961 knowns. For the unified friction formulation, this step reduces the
1.0x 10-6 0.00022 6971 work of solving a set of n +m linearequationsfor n time derivatives
1.0% 107 0.00001 6996 of generalizedspeeds and m Lagrange multipliersto solving a set of

n —m linear equations for the n —m time derivativesof independent
1.2
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Fig.11 Motion of contact point of sphere on plane.
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generalized speeds. For the rattleback, this process results in a set
of dynamic equations governing the values of u,, u,, and 3.

4) Calculate the time derivatives of the dependent generalized
speeds. With values for the time derivatives of the independentgen-
eralized speeds in hand, the values of the time derivatives of the
dependent generalized speeds may be determined from step 2. For
the rattleback, this step results in the numerical determination of
values for it4, us, and ug.

5) Solve for the Lagrange multipliers. The m unused dynamic
equations of motion may be used to solve for Lagrange multipliers.
For the unified friction formulation, these Lagrange multipliers are
the normal and friction force measure numbers. For the rattleback,
this step results in the numerical determination of values for 7y, 7,,
and 3.

VII. Conclusions

Ithas been shown that computer simulations of systems with fric-
tion can be accurately performed using only the continuous friction
law. However, when small values of €, are employed, the continu-
ous friction law can lead to prohibitively slow and computationally
expensivesimulations.Improved computationalspeed and accuracy
canbe achieved with the unified friction formulation, which requires
two switchingsto describe the three phases of motion, sticking, slip-
ping, and transition.
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